Abstract. We prove that for any smooth complex projective threefold of Kodaira dimension one, the m-th pluricanonical map is birational to the Iitaka fibration for every m ≥ 96 and divisible by 12.
Introduction
By the result of Hacon-M c Kernan [11] , Takayama [20] and Tsuji [21] , it is known that for any positive integer n there exists an integer r n such that if X is an n-dimensional smooth complex projective variety of general type, then |rK X | defines a birational morphism for all r ≥ r n . It is conjectured in [11] that a similar phenomenon occurs for any projective variety of non-negative Kodaira dimension. That is, for any positive integer n there exists a constant s n such that, if X is an n-dimensional smooth projective variety of non-negative Kodaira dimension and s ≥ s n is sufficiently divisible, then the s-th pluricanonical map of X is birational to the Iitaka fibration.
We list some known results related to this problem. In 1986, Kawamata [14] proved that there is an integer m 0 such that for any terminal threefold X with Kodaira dimension zero, the m 0 -th plurigenera of X is non-zero. Later on, Morrison proved that one can take m 0 = 2 5 × 3 3 × 5 2 × 7 × 11 × 13 × 17 × 19. Please see [17] for details. In 2000, Fujino and Mori [10] proved that if X is a smooth projective variety with Kodaira dimension one and F is a general fiber of the Iitaka fibration of X, then there exists a integer M, which depends on the dimension of X, the middle Betti number of some finite covering of F and the smallest integer so that the pluricanonical system of F is non-trivial, such that the M-th pluricanonical map of X is birational to the Iitaka fibration. Viehweg and D-Q Zhang [23] proved the analog result for the Kodaira dimension two case. Recently, Birkar and D-Q Zhang [2] proved that Fujino-Mori type statement holds for any non-negative Kodaira dimension. Note that if C is a curve of Kodaira dimension zero, then |K C | is non-trivial and b 1 (C) = 2. Also if S is a surface of Kodaira dimension zero, then |12K S | is non-trivial and b 2 (S) ≤ 22. Thus the Hacon-M c Kernan conjecture holds for varieties with dimension less than or equal to three.
It is also interesting to find an explicity value to bound the Iitaka fibration. In dimension one, it is well-known that the third-pluricanonical map is the Iitaka fibration. For the surfaces case, Iitaka [12] proved that the m-th pluricanonical system is birational to the Iitaka fibration if m ≥ 86 and divisible by 12. For threefolds of general type, J. A. Chen and M. Chen [4] proved that the m-th pluricanonical map is birational if m ≥ 61. For threefolds with Kodaira dimension two, Ringler [19] proved that the m-th pluricanonical map is birational to the Iitaka fibration if m ≥ 48 and divisible by 12. In this article we prove the following. Combining the work of J. A. Chen-M. Chen [4] and Ringler [19] , we have the following effective bound for threefolds of positive Kodaira dimension. Corollary 1.2. Let X be a smooth complex projective threefold of positive Kodaira dimension. Then |mK X | defines the Iitaka fibration if m ≥ 96 and divisible by 12.
We remark that we do not know whether our estimate is optimal or not. However, as in Example 6.3, one can construct a threefold of Kodaira dimension one, such that |iK X | is not birational to the Iitaka fibration for all i < 42. Since the optimal value of the Iitaka fibration for threefolds of Kodaira dimension one should be divisible by 12, we have the following estimate. Corollary 1.3. If m is the smallest integer such that |mK X | is birational to the Iitaka fibration for all smooth projective threefold of Kodaira dimension one, then 48 ≤ m ≤ 96.
We now give a rough idea of the proof of Theorem 1.1. If the Iitaka fibration maps to a non-rational curve, then the boundedness of the Iitaka fibration can be easily derived using weak-positivity. Now assume the Iitaka fibration of X maps to a rational curve. We may assume X is minimal and hence the general fiber of the Iitaka fibration is a K3 surface, an Enriques surface, an abelian surface or a bielliptic surface. If the general fiber has non-zero Euler characteristic, i.e., if the Iitaka fibration is a K3 or an Enriques fibration, we observe the following fact. One may write K X as a pull-back of an ample Qdivisor. The degree of this Q-divisor is determined by the singularities of X. If the degree is large, then a small multiple of K X defines the Iitaka fibration. Assume the degree is small, then the singularities of X are bounded: the local index of singular points of X can not be too large, and the total number of singular points is bounded. This implies the degree has an lower bound. With the help of a computer, we get a good estimate of this lower bound and hence a good effective bound for the Iitaka fibration.
If the Iitaka fibration is an abelian or a bielliptic fibration, then above techniques do not work. Instead, we use Fujino-Mori's canonical bundle formula. The main difficulty is to control the moduli part of the canonical bundle formula. If the moduli part is zero, then with the help of the the theory of holomorphic two-forms developed by Campana and Peternell, one can prove that the Iitaka fibration is isotrivial and it is not hard to estimate the degree of K X over C. If the moduli part is non-zero, then one can show that the degree of the moduli part is large, and hence it is easy to find enough section in the pluricanonical system.
One can always replace our smooth threefold by its minimal model, hence throughout this article, we always assume our threefold is minimal and with terminal singularities. Since the abundance conjecture is known to be true in dimension three, the Iitaka fibration is a morphism. We will denote it by f : X → C and hence K X is a pull-back of some ample Q-divisor on C. If C is not rational, we will prove the desired boundedness in Section 2. In the later sections we will always assume C is a rational curve. We discuss K3/Enriques fibrations, abelian fibrations and bielliptic fibrations in Section 3, 4 and 5 respectively. We will prove Theorem 1.1 in Section 6, which is a collection of the result in previous sections. We also compute several examples, which are threefolds of Kodaira dimension one such that a small pluricanonical system do not define the Iitaka fibration.
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Preliminary
2.1. The canonical bundle formula. Let X be a normal projective variety with canonical singularities and C be a non-singular projective variety. Assume that f : X → C is a surjective morphism with connected fiber. We denote a general fiber of X → C by F and assume that κ(F ) = 0. In [10] Fujino and Mori proved the following canonical bundle formula
is the smallest integer such that |bK F | is non-empty, M is a nef Q-divisor such that bNM is integral for some N which depends on the middle Betti number of the finite covering of F defined by |bK F |, B = i∈I s i P i where s i is of the form (1 − v i bN u i ) for some integers u i and v i , such that v i ≤ bN. We will write A = K C + M + B for convenience.
The following lemma plays a very important role in our work. . If the non-smooth locus on C is simple normal crossing, then H 0 (X, rbK X ) = H 0 (C, ⌊rbA⌋) for any positive integer r. In particular, if C is a curve, then the above equality holds. Now let X be a minimal terminal threefold of Kodaira dimension one. Since the abundance conjecture holds for threefolds, K X is semi-ample. Hence the Iitaka fibration f : X → C is a morphism and K X is a pull-back of an ample divisor on C. In this case the canonical bundle formula with respect to the Iitaka fibration becomes
Proof. Let m = sb for some positive integer s such that mA is integral. One may write
are of positive degree since we can replace m by a multiple if necessary. Now one has
Since a positive degree line bundle on P 1 is detemined by its H 0 , we have Proof. This follows from the proof of [24, Theorem 0.2] . By the argument in [24] , it is impossible that there exists C ′ → C ∼ = P 1 unramified on C * , such that X × C C ′ has semistable resolution. Thus there are at least three non-reduced fibers. Hence there exists three points P 1 , P 2 , P 3 such that lct(X, f * P i ) ≤ 
Assume in addition that M is nef and big. Then
(3) Assume that M is nef and big and let D be any effective Weil divisor on
(4) If f is generically finite and
Remark 2.5. Under our assumption that X is a minimal terminal threefold of Kodaira dimension one and f : X → C is the Iitaka fibration, Theorem 2.4 (1) implies that R j f * (mK X ) is locally free because any torsion-free sheaf on a curve is locally free.
Proposition 2.6 ([15]
,Proposition 7.6). Let X, Y be smooth projective varieties, dim X = n, dim Y = k, and let π : X → Y be a surjective map with connected fibers. Then
Corollary 2.7. The same conclusion of above proposition holds if X has canonical singularities.
Proof. Let φ :X → X be a resolution of X andπ :X → Y be the composition of π and φ. By the Grothendieck spectral sequence, we have
2.3. The plurigenus formula. When studying terminal threefolds, a basic tool is Reid's singular Riemann-Roch formula [18] :
where B(X) = {(r P , b P )} is the basket data of X (please see [18, Section 10] for a more precise definition) and i P is the integer such that
Now take D = mK X and replace K X .c 2 (X) by χ(O X ) and the contribution of singularities, we get the following plurigenus formula [3, Section 2]:
If one assumes X is minimal and of Kodaira dimension one, then K 3 X = 0 and one has χ(mK 
Proposition 2.10. Let X be a minimal terminal threefold with Kodaira dimension one and let f : X → C be the Iitaka fibration of X. Assume that g(C) ≥ 1. Let F be a general fiber and let b be an integer such that |bK F | is non-empty and b ≥ 2. Then |bK X | is non-empty and |3bK X | defines the Iitaka fibration.
In particular, |mK X | defines the Iitaka fibration for all m ≥ 24 and divisible by 12.
Proof. First assume g(C) ≥ 2. By weak-positivity,
We have
hence f * (2bK X ) is very-ample, which implies |2bK X | defines the Iitaka fibration. Since H 0 (X, bK X ) = 0, |3bK X | also defines the Iitaka fibration.
In the case that g(C) = 1, one has deg f * (bK X ) ≥ 0. Moreover
for all P ∈ P ic 0 (C) by Theorem 2.4 (2). Hence deg f * (bK X ) should be positive since otherwise after taking P = (f * (bK X )) * we get H 1 (C, O C ) = 0, which is a contradiction. Thus h 0 (bK X ) = 0. Now we have deg f * (3bK X ) ≥ 3 since one has the natural inclusion f * (bK X ) ⊗3 → f * (3bK X ). The conclusion is that f * (3bK X ) is very-ample, so that |3bK X | defines the Iitaka fibration.
Note that |mK X | defines the Iitaka fibration if m ≥ 3b and m divisible by b. We know that b ∈ {2, 3, 4, 6}. It is easy to see that |mK X | defines the Iitaka fibration for all m ≥ 24 and divisible by 12.
K3 or Enriques fibrations
Let X be a minimal terminal threefold with Kodaira dimension one and f : X → C ∼ = P 1 be the Iitaka fibration. Let F be the general fiber of X → C and assume F is a K3 surface or an Enriques surface. We have
by Corollary 2.7 and
If X → C is an Enriques fibration, then we have h 2 (X, O X ) = 0 and h 
There exists integers m and
Lemma 3.1. h 0 (X, mK X ) ≥ r if m > λr + 1 and |mK F | is non-empty.
Proof. Choose r general fibers F 1 , ..., F r . Consider the exact sequence
by Theorem 2.4 (3) with M = m−1−λr λ P , D = F 1 + ... + F r and ∆ = 0, here P is a general point on C. Hence
is surjective and so h 0 (X, O X (mK X )) ≥ r.
Proposition 3.2. If X → C is a K3 fibration, then λ ≤ 42, hence h 0 (X, mK X ) ≥ 2 for m ≥ 86. If X → C is an Enriques fibration, we have λ ≤ 20, so h 0 (X, mK X ) ≥ 2 if m is even and ≥ 42. In particular, mK X defines the Iitaka fibration if m ≥ 86 (resp. m is even and ≥ 42) if X → C is a K3 (resp. an Enriques) fibration.
by the singular Riemann-Roch formula (please see Section 2.3). Hence
Assume λ > N for some integer N, then
This tells us that r P ≤ 24χ(O X ) + 12 N χ(O F ) for all P and there is at most
non-Gorenstein points on X since r − for all integer r > 1. Note that we assume 0 ≤ χ(O X ) ≤ 2, hence there are only finitely many possible basket data. By Equation (1) a basket data corresponds to a unique λ once χ(O X ) is fixed. This tells us that λ has an upper bound.
Note that the basket data should satisfies more conditions. We have h 1 (X, mK X ) = 0 since h 1 (C, f * (mK X )) = 0 by Theorem 2.4 (2) and R 1 f * (mK X ) is a zero sheaf because h 1 (F, mK F ) = 0 and R 1 f * (mK X ) is locally free by Remark 2.5. Also h 3 (X, mK X ) = h 0 (X, (1 − m)K X ) = 0 for all m > 1 since K X is psudo-effective and not numerically trivial. Hence the plurigenus formula yields
for all m > 1. As we have seen before, for a fixed integer N and assuming λ > N, there are only finitely many possible basket data of X. Using a computer, one can write down all possible basket data and check whether such basket satisfies (2) or not. In the K3 fibration case if one take N = 43, then there is no basket data satisfying (2) for all m > 1, hence λ ≤ 43. In the Enriques fibration case using the same technique one can prove that λ ≤ 20. Finally note that if h 0 (X, mK X ) ≥ 2 then |mK X | defines the Iitaka fibration by Lemma 2.2. 
Abelian fibrations
Let X be a terminal minimal threefold of Kodaira dimension one and assume X → C ∼ = P 1 is the Iitaka fibration. Let F be the general fiber of X → C and assume F is an abelian surface. Let W → X be a resolution of singularities of X. We will denote by g : W → X → C the composition of the two morphisms.
Definition. Let W be a smooth threefold of Kodaira dimension one and let ω be a twoform on W . Let g : W → C be the Iitaka fibration. We say ω is a vertical two-form (with respect to the Iitaka fibration) if ω corresponds to an element s such that 
Then there is a finite base changeC → C with induced fiber spacef :X →C such that X ∼ = F ×C, where F is abelian or K3.
Assume that there is a non-vertical two-form on W . We may assumeC → C is Galois. Let G = Gal(C/C). Note that there is a natural G-action onX such that X ∼ =X/G. We have the induced action on F . Since finite automorphism groups of an abelian surface are discrete, G acts onX ∼ = F ×C diagonally. We may assume further that G acts on F faithfully since the kernel of G acting on F is a normal subgroup of G and one can replacẽ C byC module the kernel. In particularX → X isétale in codimension one. Proof. We have the diagramX
One may write K X = f * A for some Q-divisor A on C. We also have KC = φ * (K C + B), here B is a Q-divisor with coeff P (B) = 1 − 1 m if the stabilizer of pre-image of P is of order m. We haveφ * f * A =φ
Take an integer m such that both mA and m(K C + B) are integral and
). Note thatC is of general type and it is well-known that δ ≥ 1 42
(by a simple calculation or using the fact that |Aut(C)| ≤ 84(g(C) − 1)), hence λ ≤ 42. By Lemma 3.1, for all r ≤ 86, we have h 0 (X, rK X ) ≥ 2 and |rK X | defines the Iitaka fibration.
From now on we assume the smooth model W of X admits no non-vertical two-form.
To prove the lemma, we need the following estimate on the irregularity. 
where F is a general fiber of f .
Proof of Lemma 4.3. Assume that h 1 (X, O X ) > 1, then h 1 (X, O X ) = 2 by Theorem 4.4. Let a : X → A = Alb(X) be the Albanese map of X and let F be a general fiber of X → C. Note that A is an abelian surface. Assume that a(F ) is two-dimensional, then there is a surjective map F → A. The pull-back of the global two-form on A is a non-vertical two-form on X, contradicting our assumption that there is no non-vertical two-form.
Assume that a(F ) is one-dimensional. Note that a(F ) should be an elliptic curve since otherwise there is a holomorphic map Jac(a(F )) and the image should be a (translation of) non-trivial sub-complex torus, which is impossible. Since there are only countably many elliptic curves up to translation contained in a fixed abelian variety, we have a(F ) ∼ = E for some one-dimensional abelian subvariety E of A, for general F . By [1] , Theorem 5.3.5, There is an isogeny A → E × T for some elliptic curve T . Consider the morphism
which contracts the general fiber of X → C. Thus there is an induced morphism C → T . But C ∼ = P 1 and T is an elliptic curve, which is impossible. Finally assume a(F ) is a point, then a(X) is a curve of genus ≥ 2. However this induces a morphism C → a(X), which is again impossible.
Consider the following diagram.
where η : g * Ω C → Ω W and π : Ω W → Ω W/C denote the natural maps. Note that the buttom map is well-defined and injective since g * Ω C is locally free of rank one. Under the condition that there is no non-vertical two-form on W , one has
Applying the push-forward functor we get
which induces the following exact sequences
Note that
with both α and β ≤ 0. Hence
and so H 0 (C, G) = 0. Thus
Now g * Ω W is locally free of rank two. One may write g
Since F is locally free of rank one (use the fact that g * Ω W/C is torsion free),
Lemma 4.6. Using the notation as in Section 2.1. Assume h 1 (X, K X ) = 0, then we have deg⌊M⌋ ≥ 1. Proof. By Lemma 4.5 and Lemma 4.6, we have deg⌊M⌋ ≥ 1. We write the canonical bundle formula in the following form
where s 
Bielliptic fibrations
Assume X is a minimal terminal threefold of Kodaira dimension one and X → C ∼ = P 1 is a bielliptic fibration. We apply the same construction as [10, Remark 2.6] to get g : Z → X such that Z is smooth, the general fiberF of Z → C is anétale covering of F and |KF | in non-empty. Note that we have a natural inclusion g
since the pull-back of a top-form on X is a top-form on Z, hence K Z = g * K X + R for some effective divisor R. Since Z → X isétale over general points on C, R is supported over singular fibers of Z → C. Thus Z is of Kodaira dimension one. Let h : Z 0 → C be the relative minimal model of Z over C. Then K Z as well as K Z 0 is Q-linearly equivalent to a sum of vertical divisors. Thus K Z 0 intersects horizontal curves positively. This implies Z 0 is in fact minimal and Z 0 → C is the Iitaka fibration of Z 0 , which is an abelian fibration.
Write
as the canonical bundle formula over C. Recall that in Section 2.1 we denote Proof. If deg⌊M⌋ ≥ 1, then using the same argument as in the proof of Proposition 4.7, one can show that |rbK X | defines the Iitaka fibration if rb is even or rb ≥ 5. In particular, |mK X | defines the Iitaka fibration if m is divisible by 12. Now assume M = 0. In this case Z 0 is isotrivial and we have the following diagram.
where C ′ → C is a finite Galois covering, the left square is a fiber product, Z ′ and X ′ are the normalizations of the base-change of Z and X respectively. Let U ⊂ C be an open set such that Z → X isétale over U. Let U ′ be the pre-image of U on C ′ . One may assume U ′ → U isétale. Let X U , Z U and (Z 0 ) U be the pre-images of X, Z and Z 0 over U respectively and let X ′ U and Z ′ U be the pre-images of X ′ and Z ′ over U ′ . We may assume
Note that Z U → X U is a cyclic cover defined by |bK X U |, hence there exists a cyclic group H such that X U = Z U /H and the restriction of the action on fibers over U is the natural action on the abelian surfaceF such thatF /H = F . Hence there exists an H-action on Z ′ U ∼ =F × U ′ by acting onF and fixing U ′ . Note that for any point P ∈ Z ′ U , the H-orbit of P maps to a point through the morphism Z
Since both morphisms are finite with the same degree, we have X
Replacing X by F × C ′ /G, one may assume our given bielliptic fibration is isotrivial. In this case using the same argument as in the proof of Proposition 4.2 one can show that |mK X | is birational to the Iitaka fibration if m ≥ 96 and divisible by 12.
Boundedness of Iitaka fibration for Kodaira dimension one
Proof of Theorem 1.1. If C is not rational, this follows from Proposition 2.10. The K3 or Enriques cases follow by Proposition 3.2. The isotrivial abelian fibration case follows from Proposition 4.2 and the non-isotrivial abelian fibration case follows from Proposition 4.7. The bielliptic case follows from Proposition 5.2.
In the rest part of this section we will compute several examples.
Example 6.1. The first example is a trivial example. Let F be a bielliptic curve such that |6K F | is non-empty but |iK F | is empty for all i ≤ 5 and let C be a curve of general type. Then X = F × C is a smooth threefold of Kodaira dimension one such that |6K X | defines the Iitaka fibration but |iK X | is empty for all i ≤ 5.
Example 6.2. Let E be an elliptic curve. Pick two different points P and Q on E. One can find a line bundle L such that L 2 = O E (P + Q). Let C be the cyclic cover corresponds to L 2 = O E (P + Q). Then C is a curve of genus two and φ : C → E is a double cover ramified at P and Q. Let G = Aut(C/E), which is a cyclic group of order two and let F be an abelian surface and consider the G-action on F via −Id. Let X = F × C/G.
The singular points of X are of the type (1, 1, 1), hence X has terminal singularities. We want to show that |4K X | defines the Iitaka fibration, and |iK X | does not define the Iitaka fibration for i ≤ 3. One has
G since the unique section in H 0 (F, mK F ) is fixed by G for all m. To compute
2k ⊕L 2k−1 by the projection formula. The G-invariant part of H 0 (C, 2kK C ) is H 0 (E, L 2k ) and L 2k is very ample if and only if k ≥ 2. Hence |2K X | does not define the Iitaka fibration, but |4K X | does.
On the other hand, by Grothendieck duality we have
This shows that h 0 (C, 3K C ) G = h 0 (E, L 2 ) = 2 and hence |3K X | do not define the Iitaka fibration.
We remark that this is the worst example we know for abelian fibrations. 
